
Quantum Polynomial Hierarchies: Karp-Lipton, Error
Reduction, and Lower Bounds

Avantika Agarwal1 Sevag Gharibian2 Venkata Koppula3 Dorian Rudolph2

1David R. Cheriton School of Computer Science and Institute for Quantum Computing, University of Waterloo

2Department of Computer Science and Institute for Photonic Quantum Systems (PhoQS), Paderborn University

3Department of Computer Science and Engineering, Indian Institute of Technology Delhi



Introduction Results Quantum Karp-Lipton Error Reduction Lower Bounds Conclusion

1 Introduction

2 Results

3 Quantum Karp-Lipton

4 Error Reduction

5 Lower Bounds

6 Conclusion

A. Agarwal, S. Gharibian, V. Koppula, D. Rudolph Quantum Polynomial Hierarchies: Karp-Lipton, Error Reduction, and Lower Bounds 1 / 18



Introduction Results Quantum Karp-Lipton Error Reduction Lower Bounds Conclusion

The Polynomial Hierarchy (PH)

Introduced by Stockmeyer 1976, staple of
classical complexity theory.

Applications from randomized computation to
quantum advantage analysis for near-term
quantum computers.

Definition (ΣP
𝑖 )

𝐿 ∈ ΣP
𝑖 if there exists a deterministic poly-time

Turing machine 𝑀 s.t.
𝑥 ∈ 𝐿 ⇒ ∃𝑦1∀𝑦2∃𝑦3 ⋯𝑄𝑖𝑦𝑖 ∶ 𝑀(𝑥, 𝑦1,… , 𝑦𝑖) = 1
𝑥 ∉ 𝐿 ⇒ ∀𝑦1∃𝑦2∀𝑦3 ⋯𝑄𝑖𝑦𝑖 ∶ 𝑀(𝑥, 𝑦1,… , 𝑦𝑖) = 0

ΠP
𝑖 : Same as ΣP

𝑖 , but with inverted quantifiers
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The Quantum Polynomial Hierarchy (QPH)
Many ways to define a quantum polynomial hierarchy...

Quantum Classical PH (QCPH) [Gharibian, Santha, Sikora, Sundaram, Yirka, 2022]
Promise problem 𝐿 = (𝐿yes, 𝐿no) ∈ QCΣ𝑖 if there exists a poly-time uniform family of
quantum circuits {𝑉𝑛}𝑛∈ℕ and 𝑐, 𝑠 with 𝑐 − 𝑠 ≥ 1/ poly(𝑛) s.t.

Completeness: 𝑥 ∈ 𝐿yes ⇒ ∃𝑦1∀𝑦2 ⋯𝑄𝑖𝑦𝑖 ∶ Pr[𝑉𝑛 accepts (𝑥, 𝑦1,… , 𝑦𝑖)] ≥ 𝑐
Soundness: 𝑥 ∈ 𝐿no ⇒ ∀𝑦1∃𝑦2 ⋯𝑄𝑖𝑦𝑖 ∶ Pr[𝑉𝑛 accepts (𝑥, 𝑦1,… , 𝑦𝑖)] ≤ 𝑠

QPH [GSSSY22]: proofs are mixed states
𝑥 ∈ 𝐿yes ⇒ ∃𝜌1∀𝜌2 ⋯𝑄𝑖𝜌𝑖 ∶ Pr[𝑉𝑛 accepts |𝑥⟩⟨𝑥| ⊗ 𝜌1 ⊗⋯ ⊗ 𝜌𝑖] ≥ 𝑐.
pureQPH (this work): proofs are pure states
𝑥 ∈ 𝐿yes ⇒ ∃|𝜓1⟩∀|𝜓2⟩⋯𝑄𝑖|𝜓𝑖⟩ ∶ Pr[𝑉𝑛 accepts |𝑥⟩ ⊗ |𝜓1⟩ ⊗ ⋯ ⊗ |𝜓𝑖⟩] ≥ 𝑐.
QCMA ≡ QCΣ1, coQMA ≡ QΠ1 = pureQΠ1
QΠ2 = QΣ2 ≡ QRG(1) ⊆ PSPACE [GSSSY22] [Jain, Watrous, 2009]

Sion’s minimax theorem: max𝜌 min𝜎 Tr(𝐻(𝜌 ⊗ 𝜎)) = min𝜎 max𝜌 Tr(𝐻(𝜌 ⊗ 𝜎))

Error reduction possible for QCPH but not known for QPH, pureQPH.
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Results: Quantum Karp-Lipton
Karp-Lipton theorem: SAT cannot be solved with poly-size circuits, unless PH
collapses to its second level.

Generally assumed that Σ𝑘+1 ≠ Σ𝑘 for all 𝑘.
Formally: If NP ⊆ P/poly, then Π2 = Σ2 and therefore PH = Σ2.

GSSSY22: If Precise-QCMA ⊆ BQP/mpoly, then QCΠ2 = QCΣ2.
Collapse theorem for QCPH
If for any 𝑘 ≥ 1, QCΠ𝑘 = QCΣ𝑘, then QCPH = QCΣ𝑘.

Karp-Lipton theorem for QCPH
If QCMA ⊆ BQP/mpoly, then QCPH = QCΣ2 = QCΠ2.

QCMA cannot be solved by (non-uniform) poly-size quantum circuits, unless QCPH
collapses to its second level.
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Results: Error Reduction

One-sided error reduction for pureQPH
For all 𝑖 > 0 and 𝑐 − 𝑠 ≥ 1/𝑝(𝑛) for some polynomial 𝑝,
1 For even 𝑖 > 0:

pureQΠ𝑖(𝑐, 𝑠) ⊆ pureQΠSEP
𝑖 (1 −

1
𝑒𝑛

, 1 −
1

𝑛𝑝(𝑛)2
)

Significance: One-sided error reduction for QMA(2) [Aaronson, Beigi, Drucker,
Fefferman, Shor, 2008] is the first step in the two-sided error reduction [Harrow,
Montanaro, 2012], also relying on verifier separability.

Note, QMA(2) ⊆ QΣ3 ⊆ pureQΣ3.
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Results: Upper & Lower Bounds

Lemma
For all even 𝑘 ≥ 2, QCΠ𝑘 ⊆ pureQΠ𝑘.

Theorem
QCPH ⊆ pureQPH ⊆ EXPPP

Concurrent work: QCPH = DistributionQCPH ⊆ QPH, at the cost of constant
factor blowup in level [Grewal, Yirka, 2024].
Containment in EXPPP follows from Toda’s theorem:

pureQΣ𝑖 ⊆ NEXPNP𝑖−1
⊆ EXPNP𝑖

= EXPPPP
= EXPPP
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Collapse theorem
Collapse theorem for QCPH
If for any 𝑘 ≥ 1, QCΠ𝑘 = QCΣ𝑘, then QCPH = QCΣ𝑘.

Lemma
If for any 𝑘 ≥ 1, QCΣ𝑘 = QCΠ𝑘, then for all 𝑖 ≥ 𝑘, QCΣ𝑖 = QCΠ𝑖 = QCΣ𝑘.

A. Agarwal, S. Gharibian, V. Koppula, D. Rudolph Quantum Polynomial Hierarchies: Karp-Lipton, Error Reduction, and Lower Bounds 9 / 18



Introduction Results Quantum Karp-Lipton Error Reduction Lower Bounds Conclusion

Collapse theorem
Collapse theorem for QCPH
If for any 𝑘 ≥ 1, QCΠ𝑘 = QCΣ𝑘, then QCPH = QCΣ𝑘.

Lemma
If for any 𝑘 ≥ 1, QCΣ𝑘 = QCΠ𝑘, then for all 𝑖 ≥ 𝑘, QCΣ𝑖 = QCΠ𝑖 = QCΣ𝑘.

A. Agarwal, S. Gharibian, V. Koppula, D. Rudolph Quantum Polynomial Hierarchies: Karp-Lipton, Error Reduction, and Lower Bounds 9 / 18



Introduction Results Quantum Karp-Lipton Error Reduction Lower Bounds Conclusion

Lemma
If for any 𝑘 ≥ 1, QCΣ𝑘 = QCΠ𝑘, then for all 𝑖 ≥ 𝑘, QCΣ𝑖 = QCΠ𝑖 = QCΣ𝑘.

Proof.
Proof by induction: Assume QCΣ𝑗 = QCΠ𝑗 = QCΣ𝑘 for all 𝑗 ∈ {𝑘,… , 𝑖 − 1}.

Let
𝐿 = (𝐿yes, 𝐿no) ∈ QCΣ𝑖 with verifier 𝑉𝑛. Define 𝐿′ = (𝐿′

yes, 𝐿′
no):

𝐿′
yes = {(𝑥, 𝑦1) | ∀𝑦2∃𝑦3 ⋯𝑄𝑖𝑦𝑖 ∶ Pr[𝑉𝑛(𝑥, 𝑦1,… , 𝑦𝑖) = 1] ≥ 2/3}
𝐿′

no = {(𝑥, 𝑦1) | ∃𝑦2∀𝑦3 ⋯𝑄𝑖𝑦𝑖 ∶ Pr[𝑉𝑛(𝑥, 𝑦1,… , 𝑦𝑖) = 1] ≤ 1/3}
𝐿′ ∈ QCΠ𝑖−1 = QCΣ𝑖−1. Thus there exists 𝑉 ′

𝑛 s.t.
(𝑥, 𝑦1) ∈ 𝐿′

yes ⇒ ∃𝑦2∀𝑦3 ⋯𝑄𝑖𝑦𝑖 ∶ Pr[𝑉 ′
𝑛(𝑥, 𝑦1,… , 𝑦𝑖) = 1] ≥ 2/3

(𝑥, 𝑦1) ∈ 𝐿′
no ⇒ ∀𝑦2∃𝑦3 ⋯𝑄𝑖𝑦𝑖 ∶ Pr[𝑉 ′

𝑛(𝑥, 𝑦1,… , 𝑦𝑖) = 1] ≤ 1/3

𝑥 ∈ 𝐿yes ⇒ ∃𝑦1 ∶ (𝑥, 𝑦1) ∈ 𝐿′
yes ⇒ ∃𝑦1∃𝑦2∀𝑦3 ⋯𝑄𝑖𝑦𝑖 ∶ Pr[𝑉 ′

𝑛(𝑥, 𝑦1,… , 𝑦𝑖) = 1] ≥ 2/3
𝑥 ∈ 𝐿no ⇒ ∀𝑦1 ∶ (𝑥, 𝑦1) ∈ 𝐿′

no ⇒ ∀𝑦1∀𝑦2∃𝑦3 ⋯𝑄𝑖𝑦𝑖 ∶ Pr[𝑉 ′
𝑛(𝑥, 𝑦1,… , 𝑦𝑖) = 1] ≤ 1/3

Hence, 𝐿 ∈ QCΣ𝑖−1.

A. Agarwal, S. Gharibian, V. Koppula, D. Rudolph Quantum Polynomial Hierarchies: Karp-Lipton, Error Reduction, and Lower Bounds 9 / 18



Introduction Results Quantum Karp-Lipton Error Reduction Lower Bounds Conclusion

Lemma
If for any 𝑘 ≥ 1, QCΣ𝑘 = QCΠ𝑘, then for all 𝑖 ≥ 𝑘, QCΣ𝑖 = QCΠ𝑖 = QCΣ𝑘.

Proof.
Proof by induction: Assume QCΣ𝑗 = QCΠ𝑗 = QCΣ𝑘 for all 𝑗 ∈ {𝑘,… , 𝑖 − 1}. Let
𝐿 = (𝐿yes, 𝐿no) ∈ QCΣ𝑖 with verifier 𝑉𝑛. Define 𝐿′ = (𝐿′

yes, 𝐿′
no):

𝐿′
yes = {(𝑥, 𝑦1) | ∀𝑦2∃𝑦3 ⋯𝑄𝑖𝑦𝑖 ∶ Pr[𝑉𝑛(𝑥, 𝑦1,… , 𝑦𝑖) = 1] ≥ 2/3}
𝐿′

no = {(𝑥, 𝑦1) | ∃𝑦2∀𝑦3 ⋯𝑄𝑖𝑦𝑖 ∶ Pr[𝑉𝑛(𝑥, 𝑦1,… , 𝑦𝑖) = 1] ≤ 1/3}
𝐿′ ∈ QCΠ𝑖−1 = QCΣ𝑖−1. Thus there exists 𝑉 ′

𝑛 s.t.
(𝑥, 𝑦1) ∈ 𝐿′

yes ⇒ ∃𝑦2∀𝑦3 ⋯𝑄𝑖𝑦𝑖 ∶ Pr[𝑉 ′
𝑛(𝑥, 𝑦1,… , 𝑦𝑖) = 1] ≥ 2/3

(𝑥, 𝑦1) ∈ 𝐿′
no ⇒ ∀𝑦2∃𝑦3 ⋯𝑄𝑖𝑦𝑖 ∶ Pr[𝑉 ′

𝑛(𝑥, 𝑦1,… , 𝑦𝑖) = 1] ≤ 1/3

𝑥 ∈ 𝐿yes ⇒ ∃𝑦1 ∶ (𝑥, 𝑦1) ∈ 𝐿′
yes ⇒ ∃𝑦1∃𝑦2∀𝑦3 ⋯𝑄𝑖𝑦𝑖 ∶ Pr[𝑉 ′

𝑛(𝑥, 𝑦1,… , 𝑦𝑖) = 1] ≥ 2/3
𝑥 ∈ 𝐿no ⇒ ∀𝑦1 ∶ (𝑥, 𝑦1) ∈ 𝐿′

no ⇒ ∀𝑦1∀𝑦2∃𝑦3 ⋯𝑄𝑖𝑦𝑖 ∶ Pr[𝑉 ′
𝑛(𝑥, 𝑦1,… , 𝑦𝑖) = 1] ≤ 1/3

Hence, 𝐿 ∈ QCΣ𝑖−1.

A. Agarwal, S. Gharibian, V. Koppula, D. Rudolph Quantum Polynomial Hierarchies: Karp-Lipton, Error Reduction, and Lower Bounds 9 / 18



Introduction Results Quantum Karp-Lipton Error Reduction Lower Bounds Conclusion

Lemma
If for any 𝑘 ≥ 1, QCΣ𝑘 = QCΠ𝑘, then for all 𝑖 ≥ 𝑘, QCΣ𝑖 = QCΠ𝑖 = QCΣ𝑘.

Proof.
Proof by induction: Assume QCΣ𝑗 = QCΠ𝑗 = QCΣ𝑘 for all 𝑗 ∈ {𝑘,… , 𝑖 − 1}. Let
𝐿 = (𝐿yes, 𝐿no) ∈ QCΣ𝑖 with verifier 𝑉𝑛. Define 𝐿′ = (𝐿′

yes, 𝐿′
no):

𝐿′
yes = {(𝑥, 𝑦1) | ∀𝑦2∃𝑦3 ⋯𝑄𝑖𝑦𝑖 ∶ Pr[𝑉𝑛(𝑥, 𝑦1,… , 𝑦𝑖) = 1] ≥ 2/3}
𝐿′

no = {(𝑥, 𝑦1) | ∃𝑦2∀𝑦3 ⋯𝑄𝑖𝑦𝑖 ∶ Pr[𝑉𝑛(𝑥, 𝑦1,… , 𝑦𝑖) = 1] ≤ 1/3}

𝐿′ ∈ QCΠ𝑖−1 = QCΣ𝑖−1. Thus there exists 𝑉 ′
𝑛 s.t.

(𝑥, 𝑦1) ∈ 𝐿′
yes ⇒ ∃𝑦2∀𝑦3 ⋯𝑄𝑖𝑦𝑖 ∶ Pr[𝑉 ′

𝑛(𝑥, 𝑦1,… , 𝑦𝑖) = 1] ≥ 2/3
(𝑥, 𝑦1) ∈ 𝐿′

no ⇒ ∀𝑦2∃𝑦3 ⋯𝑄𝑖𝑦𝑖 ∶ Pr[𝑉 ′
𝑛(𝑥, 𝑦1,… , 𝑦𝑖) = 1] ≤ 1/3

𝑥 ∈ 𝐿yes ⇒ ∃𝑦1 ∶ (𝑥, 𝑦1) ∈ 𝐿′
yes ⇒ ∃𝑦1∃𝑦2∀𝑦3 ⋯𝑄𝑖𝑦𝑖 ∶ Pr[𝑉 ′

𝑛(𝑥, 𝑦1,… , 𝑦𝑖) = 1] ≥ 2/3
𝑥 ∈ 𝐿no ⇒ ∀𝑦1 ∶ (𝑥, 𝑦1) ∈ 𝐿′

no ⇒ ∀𝑦1∀𝑦2∃𝑦3 ⋯𝑄𝑖𝑦𝑖 ∶ Pr[𝑉 ′
𝑛(𝑥, 𝑦1,… , 𝑦𝑖) = 1] ≤ 1/3

Hence, 𝐿 ∈ QCΣ𝑖−1.

A. Agarwal, S. Gharibian, V. Koppula, D. Rudolph Quantum Polynomial Hierarchies: Karp-Lipton, Error Reduction, and Lower Bounds 9 / 18



Introduction Results Quantum Karp-Lipton Error Reduction Lower Bounds Conclusion

Lemma
If for any 𝑘 ≥ 1, QCΣ𝑘 = QCΠ𝑘, then for all 𝑖 ≥ 𝑘, QCΣ𝑖 = QCΠ𝑖 = QCΣ𝑘.

Proof.
Proof by induction: Assume QCΣ𝑗 = QCΠ𝑗 = QCΣ𝑘 for all 𝑗 ∈ {𝑘,… , 𝑖 − 1}. Let
𝐿 = (𝐿yes, 𝐿no) ∈ QCΣ𝑖 with verifier 𝑉𝑛. Define 𝐿′ = (𝐿′

yes, 𝐿′
no):

𝐿′
yes = {(𝑥, 𝑦1) | ∀𝑦2∃𝑦3 ⋯𝑄𝑖𝑦𝑖 ∶ Pr[𝑉𝑛(𝑥, 𝑦1,… , 𝑦𝑖) = 1] ≥ 2/3}
𝐿′

no = {(𝑥, 𝑦1) | ∃𝑦2∀𝑦3 ⋯𝑄𝑖𝑦𝑖 ∶ Pr[𝑉𝑛(𝑥, 𝑦1,… , 𝑦𝑖) = 1] ≤ 1/3}
𝐿′ ∈ QCΠ𝑖−1 = QCΣ𝑖−1. Thus there exists 𝑉 ′

𝑛 s.t.
(𝑥, 𝑦1) ∈ 𝐿′

yes ⇒ ∃𝑦2∀𝑦3 ⋯𝑄𝑖𝑦𝑖 ∶ Pr[𝑉 ′
𝑛(𝑥, 𝑦1,… , 𝑦𝑖) = 1] ≥ 2/3

(𝑥, 𝑦1) ∈ 𝐿′
no ⇒ ∀𝑦2∃𝑦3 ⋯𝑄𝑖𝑦𝑖 ∶ Pr[𝑉 ′

𝑛(𝑥, 𝑦1,… , 𝑦𝑖) = 1] ≤ 1/3

𝑥 ∈ 𝐿yes ⇒ ∃𝑦1 ∶ (𝑥, 𝑦1) ∈ 𝐿′
yes ⇒ ∃𝑦1∃𝑦2∀𝑦3 ⋯𝑄𝑖𝑦𝑖 ∶ Pr[𝑉 ′

𝑛(𝑥, 𝑦1,… , 𝑦𝑖) = 1] ≥ 2/3
𝑥 ∈ 𝐿no ⇒ ∀𝑦1 ∶ (𝑥, 𝑦1) ∈ 𝐿′

no ⇒ ∀𝑦1∀𝑦2∃𝑦3 ⋯𝑄𝑖𝑦𝑖 ∶ Pr[𝑉 ′
𝑛(𝑥, 𝑦1,… , 𝑦𝑖) = 1] ≤ 1/3

Hence, 𝐿 ∈ QCΣ𝑖−1.

A. Agarwal, S. Gharibian, V. Koppula, D. Rudolph Quantum Polynomial Hierarchies: Karp-Lipton, Error Reduction, and Lower Bounds 9 / 18



Introduction Results Quantum Karp-Lipton Error Reduction Lower Bounds Conclusion

Lemma
If for any 𝑘 ≥ 1, QCΣ𝑘 = QCΠ𝑘, then for all 𝑖 ≥ 𝑘, QCΣ𝑖 = QCΠ𝑖 = QCΣ𝑘.

Proof.
Proof by induction: Assume QCΣ𝑗 = QCΠ𝑗 = QCΣ𝑘 for all 𝑗 ∈ {𝑘,… , 𝑖 − 1}. Let
𝐿 = (𝐿yes, 𝐿no) ∈ QCΣ𝑖 with verifier 𝑉𝑛. Define 𝐿′ = (𝐿′

yes, 𝐿′
no):

𝐿′
yes = {(𝑥, 𝑦1) | ∀𝑦2∃𝑦3 ⋯𝑄𝑖𝑦𝑖 ∶ Pr[𝑉𝑛(𝑥, 𝑦1,… , 𝑦𝑖) = 1] ≥ 2/3}
𝐿′

no = {(𝑥, 𝑦1) | ∃𝑦2∀𝑦3 ⋯𝑄𝑖𝑦𝑖 ∶ Pr[𝑉𝑛(𝑥, 𝑦1,… , 𝑦𝑖) = 1] ≤ 1/3}
𝐿′ ∈ QCΠ𝑖−1 = QCΣ𝑖−1. Thus there exists 𝑉 ′

𝑛 s.t.
(𝑥, 𝑦1) ∈ 𝐿′

yes ⇒ ∃𝑦2∀𝑦3 ⋯𝑄𝑖𝑦𝑖 ∶ Pr[𝑉 ′
𝑛(𝑥, 𝑦1,… , 𝑦𝑖) = 1] ≥ 2/3

(𝑥, 𝑦1) ∈ 𝐿′
no ⇒ ∀𝑦2∃𝑦3 ⋯𝑄𝑖𝑦𝑖 ∶ Pr[𝑉 ′

𝑛(𝑥, 𝑦1,… , 𝑦𝑖) = 1] ≤ 1/3
𝑥 ∈ 𝐿yes ⇒ ∃𝑦1 ∶ (𝑥, 𝑦1) ∈ 𝐿′

yes ⇒ ∃𝑦1∃𝑦2∀𝑦3 ⋯𝑄𝑖𝑦𝑖 ∶ Pr[𝑉 ′
𝑛(𝑥, 𝑦1,… , 𝑦𝑖) = 1] ≥ 2/3

𝑥 ∈ 𝐿no ⇒ ∀𝑦1 ∶ (𝑥, 𝑦1) ∈ 𝐿′
no ⇒ ∀𝑦1∀𝑦2∃𝑦3 ⋯𝑄𝑖𝑦𝑖 ∶ Pr[𝑉 ′

𝑛(𝑥, 𝑦1,… , 𝑦𝑖) = 1] ≤ 1/3

Hence, 𝐿 ∈ QCΣ𝑖−1.

A. Agarwal, S. Gharibian, V. Koppula, D. Rudolph Quantum Polynomial Hierarchies: Karp-Lipton, Error Reduction, and Lower Bounds 9 / 18



Introduction Results Quantum Karp-Lipton Error Reduction Lower Bounds Conclusion

Lemma
If for any 𝑘 ≥ 1, QCΣ𝑘 = QCΠ𝑘, then for all 𝑖 ≥ 𝑘, QCΣ𝑖 = QCΠ𝑖 = QCΣ𝑘.

Proof.
Proof by induction: Assume QCΣ𝑗 = QCΠ𝑗 = QCΣ𝑘 for all 𝑗 ∈ {𝑘,… , 𝑖 − 1}. Let
𝐿 = (𝐿yes, 𝐿no) ∈ QCΣ𝑖 with verifier 𝑉𝑛. Define 𝐿′ = (𝐿′

yes, 𝐿′
no):

𝐿′
yes = {(𝑥, 𝑦1) | ∀𝑦2∃𝑦3 ⋯𝑄𝑖𝑦𝑖 ∶ Pr[𝑉𝑛(𝑥, 𝑦1,… , 𝑦𝑖) = 1] ≥ 2/3}
𝐿′

no = {(𝑥, 𝑦1) | ∃𝑦2∀𝑦3 ⋯𝑄𝑖𝑦𝑖 ∶ Pr[𝑉𝑛(𝑥, 𝑦1,… , 𝑦𝑖) = 1] ≤ 1/3}
𝐿′ ∈ QCΠ𝑖−1 = QCΣ𝑖−1. Thus there exists 𝑉 ′

𝑛 s.t.
(𝑥, 𝑦1) ∈ 𝐿′

yes ⇒ ∃𝑦2∀𝑦3 ⋯𝑄𝑖𝑦𝑖 ∶ Pr[𝑉 ′
𝑛(𝑥, 𝑦1,… , 𝑦𝑖) = 1] ≥ 2/3

(𝑥, 𝑦1) ∈ 𝐿′
no ⇒ ∀𝑦2∃𝑦3 ⋯𝑄𝑖𝑦𝑖 ∶ Pr[𝑉 ′

𝑛(𝑥, 𝑦1,… , 𝑦𝑖) = 1] ≤ 1/3
𝑥 ∈ 𝐿yes ⇒ ∃𝑦1 ∶ (𝑥, 𝑦1) ∈ 𝐿′

yes ⇒ ∃𝑦1∃𝑦2∀𝑦3 ⋯𝑄𝑖𝑦𝑖 ∶ Pr[𝑉 ′
𝑛(𝑥, 𝑦1,… , 𝑦𝑖) = 1] ≥ 2/3

𝑥 ∈ 𝐿no ⇒ ∀𝑦1 ∶ (𝑥, 𝑦1) ∈ 𝐿′
no ⇒ ∀𝑦1∀𝑦2∃𝑦3 ⋯𝑄𝑖𝑦𝑖 ∶ Pr[𝑉 ′

𝑛(𝑥, 𝑦1,… , 𝑦𝑖) = 1] ≤ 1/3
Hence, 𝐿 ∈ QCΣ𝑖−1.

A. Agarwal, S. Gharibian, V. Koppula, D. Rudolph Quantum Polynomial Hierarchies: Karp-Lipton, Error Reduction, and Lower Bounds 9 / 18



Introduction Results Quantum Karp-Lipton Error Reduction Lower Bounds Conclusion

Karp-Lipton theorem for QCPH
If QCMA ⊆ BQP/mpoly, then QCPH = QCΣ2 = QCΠ2.

Proof sketch.
Let 𝐿 = (𝐿yes, 𝐿no) ∈ QCΠ2 with verifier 𝑉𝑛 and negligible error 𝜖.

Need to show 𝐿 ∈ QCΣ2. Define verifier 𝑉 ′
𝑛(𝑥, 𝐶, 𝑦1) ∶= 𝑉𝑛(𝑥, 𝑦1, 𝐶(𝑥, 𝑦1)):

If 𝑥 ∈ 𝐿no, then ∃𝑦1∀𝑦2 ∶ Pr[𝑉𝑛(𝑥, 𝑦1, 𝑦2) = 1] ≤ 𝜖. Thus,
∀𝐶∃𝑦1 ∶ Pr[𝑉 ′

𝑛(𝑥, 𝐶, 𝑦1) = 1] ≤ 𝜖.
If 𝑥 ∈ 𝐿yes, given 𝑦1, the problem of finding 𝑦2 s.t. 𝑉𝑛(𝑥, 𝑦1, 𝑦2) accepts, is in QCMA.
Use randomized reduction from QCMA to UQCMA [ABBS22] to compute instance
𝜙(𝑥,𝑦1) with unique witness. By QCMA ⊆ BQP/mpoly, ∃ circuit �̃� deciding 𝜙(𝑥,𝑦1).
Apply search-to-decision reduction of [INNRY22] to construct circuit 𝐶 that finds
the unique witness for 𝜙(𝑥,𝑦1): Pr𝑦2←𝐶(𝑥,𝑦1)[𝑉𝑛(𝑥, 𝑦1, 𝑦2) = 1] ≥ 1/ poly.
∃𝐶∀𝑦1 ∶ Pr[𝑉 ′

𝑛(𝑥, 𝐶, 𝑦1) = 1] ≥ 1/ poly. �
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Asymmetric Product Test (APT)

Recall, for 𝐿 ∈ pureQΠ𝑖 (𝑖 even), there exist 𝑐, 𝑠 with 𝑐 − 𝑠 ≥ 1/ poly s.t.

𝑥 ∈ 𝐿yes ⇒ ∀|𝜓1⟩∃|𝜓2⟩⋯∃|𝜓𝑖⟩ ∶ Pr[𝑉(|𝑥, 𝜓1,… , 𝜓𝑖⟩) = 1] ≥ 𝑐
𝑥 ∈ 𝐿no ⇒ ∃|𝜓1⟩∀|𝜓2⟩⋯∀|𝜓𝑖⟩ ∶ Pr[𝑉(|𝑥, 𝜓1,… , 𝜓𝑖⟩) = 1] ≤ 𝑠
Could do “majority voting” if we get poly(𝑛) copies of each state.
If the last proof |𝜓𝑖⟩ contains copies of all previous states, then we can still do
majority voting. Verify this with the APT!
We construct new “asymmetric version” of the product test [Mintert, Kuś,
Buchleitner, 2005] [Harrow, Montanaro, 2012]
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APT

1 Input:
Register 𝐴: |𝜓⟩ = |𝜓1⟩ ⊗ ⋯ ⊗ |𝜓𝑛⟩ with |𝜓𝑖⟩ ∈ ℂ𝑑𝑖

Register 𝐵: |𝜙⟩ ∈ ℂ(𝑑∶=𝑑1⋯𝑑𝑛)𝑚 (𝑚 copies of |𝜓⟩)

2 Choose (𝑖, 𝑗) ∈ [𝑛] × [𝑚] uniformly at random.
3 Run SWAP test between 𝑖-th register of 𝐴 and its 𝑗-th

copy in 𝐵.

|0⟩ 𝐻 𝐻

|𝜓⟩
SWAP

|𝜙⟩

Lemma
Let |𝜙⟩𝐵𝐶 ∈ ℂ𝑑𝑚 ⊗ ℂ𝑑′ for some 𝑑′ > 0 s.t.

max
|𝜓⟩∶=|𝜓1⟩⊗⋯⊗|𝜓𝑛⟩∈ℂ𝑑

⟨𝜙|𝐵𝐶[(|𝜓⟩⟨𝜓|⊗𝑚)𝐵 ⊗ 𝐼𝐶]|𝜙⟩𝐵𝐶 = 1 − 𝜖

for 𝜖 ≥ 0.

Then, APT accepts |𝜂⟩𝐴𝐵𝐶 ∶= |𝜓⟩𝐴 ⊗ |𝜙⟩𝐵𝐶 w.p. ≤ 1 − 𝜖/2𝑚𝑛 for all |𝜓⟩.
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pureQΠ𝑖(𝑐, 𝑠) ⊆ pureQΠSEP
𝑖 (1 −

1
𝑒𝑛

, 1 −
1

𝑛𝑝(𝑛)2
) .

Let 𝑉 be be a verifier for 𝐿 ∈ pureQΠ𝑖(𝑐, 𝑠) s.t.
Verifier 𝑉 ′((|𝜓1⟩ ⊗⋯⊗ |𝜓𝑖−1⟩)𝐴 ⊗ |𝜓′

𝑖 ⟩𝐵𝐶) with |𝜓′
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(for honest last prover). Do with probability 1/2:

1 Apply APT between 𝐴 and 𝐵.
2 Run original verifier 𝑉 verifier on all 𝑚 copies of |𝜓1⟩,… , |𝜓𝑖⟩ inside 𝐵, 𝐶 and

accept if at least (𝑐 + 𝑠)/2 runs accept.

Note that APT also bounds entanglement between 𝐵, 𝐶.
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QCPH ⊆ pureQPH

Lemma
For all even 𝑘 ≥ 2, QCΠ𝑘 ⊆ pureQΠ𝑘.

Let 𝑉 be be a verifier for 𝐿 ∈ QCΠ𝑘 s.t.

𝑥 ∈ 𝐿yes ⇒ ∀𝑦1 ⋯∃𝑦𝑘 ∶ Pr[𝑉(𝑥, 𝑦1,… , 𝑦𝑘) = 1] ≥ 1 − 1/ exp
𝑥 ∈ 𝐿no ⇒ ∃𝑦1 ⋯∀𝑦𝑘 ∶ Pr[𝑉(𝑥, 𝑦1,… , 𝑦𝑘) = 1] ≤ 1/ exp

Define pureQΠ𝑘 verifier 𝑉 ′(|𝑥⟩ ⊗ |𝜓1⟩ ⊗ ⋯ ⊗ |𝜓𝑘−1⟩ ⊗ |𝜓′
𝑘⟩). Last proof

|𝜓′
𝑘⟩ = (|𝜓1⟩ ⊗ ⋯ ⊗ |𝜓𝑘−1⟩)⊗𝑚𝐵 ⊗ |𝜓𝑘⟩𝐶 (honest prover).

Do with probability 1/2:
1 Run APT between 𝐴 (i.e. |𝜓1⟩ ⊗ ⋯ ⊗ |𝜓𝑘−1⟩) and 𝐵.
2 Measure all proofs in standard basis and denote the outcomes by 𝑦1,… , 𝑦𝑘

and 𝑦𝑖,𝑗 for the 𝑗-th copy of 𝑖.

If there exists 𝑖, 𝑗 s.t. 𝑦𝑖 ≠ 𝑦𝑖,𝑗, reject if 𝑖 is even (∃), accept if 𝑖 is odd (∀).
Otherwise, run 𝑉(𝑥, 𝑦1,… , 𝑦𝑘).
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Open Questions

Toda’s theorem for QCPH, i.e., QCPH ⊆ PPP?

[GSSSY22] shows QCPH ⊆ PPPPP .
Otherwise, oracle separation?

Is pureQPH ⊆ QPH?
Error reduction for QPH?
Two-sided error reduction for pureQPH?
Collapse theorem for QPH/pureQPH?
Evidence that QCPH/QPH/pureQPH don’t collapse?
Improve pureQPH ⊆ EXPPP. Is pureQΣ3 ⊆ NEXP?

[GSSSY22] shows QΣ3 ⊆ NEXP: Guess |𝜓1⟩ and use QΠ2 ⊆ EXP.
Even pureQΠ2 ∈ NEXP remains open.

Thanks.
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